Before stating our results we introduce some notation. The "minus function" (x)t equals x k if x < 0 and is zero otherwise. The nth divided difference of a real-valued function fix) is the symmetric function of n + 1 arguments defined inductively by and similarly for all repeated arguments. The algorithm of Varsi [1, p 317] enables the calculation of such differences for f{x) = (x)i without the use of limiting processes. A proof of the symmetry and other elementary properties of divided differences may be found in [4] . The unit ^-simplex with vertices α 0 = (0, 0), α x = (1, 0, , 0), • , α Λ = (0, , 0, 1) will be denoted by JK> and ^ will denote an -simplex with vertices b 0 , b lt , b n where b t has cartesian coordinates (6*i, * , 6<J. We denote by & h the &-face of & % with vertices 6 0 , b l9 '" 9 b k .
The n-volume (^-dimensional volume) of &* and the k-
, n are given by
We are now ready for our main result.
THEOREM. Consider a linear function L{x) = a 0 + a x x x + + a n x n and the half-space £ίf defined by L{x) ^ 0. Let p be any nonnegative integer. Then for k = 1, 2, , n: 
Tfee k-volume cut off the k-simplex & k by £ίf is given by
Proof. Our first observation is that for all p
The (n + f{y)dy means \ \ I f{y)dy n The proof is by a straightforward induction on n when the c< are distinct, and by continuity otherwise.
To prove part 1 for k -n consider the transformation defined by
Note that the Jacobian of this transformation is
For the case 1 <L k ?i n -1 we may assume ^ is not orthogonal to the coordinate A -flat J^ defined by x k+1 = = x n = 0 (since ^f c cannot be orthogonal to all (VΊ such yfc-flats) so ^ can be defined by linear equations in the form n . (& k ) by the same factor, we have
which completes the proof of the first result. Now it is easy to verify that if a Φ 0 then
This means that the minus function integrates formally like a polynomial and we may conclude that
In particular, since x e £ίf if and only if L(x) ^0 we have
which is our second result. where ei^-i is ίfee (w -l)-/αce ^ΐίfe vertices a lf , α w , cmd ^-i l/W(^ -1)! Varsi [5] discovered an algorithm equivalent to the first result of the corollary by dissecting J%f n into 0(2") simplexes; his algorithm requires O(n 2 ) computations and is hence quite efficient. Ali [1] observed that Varsi's algorithm was equivalent to divided differences and proved this result using the Fourier-Stieltjes transform; he also proved the second result of the corollary. The technique of integrating a "plus function" was used in [2] to find the volume cut off a hypercube by a half-space, a result which was obtained previously in [3, pp. 48-50 ] using a more elementary technique which, curiously enough, involved a density function defined on 2 n overlapping regions of space.
Added in proof.
The third part of the theorem can be put in a more useful form. For example, using L t for L(6<), the centroid Π £ίf is given by The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed form or offset-reproduced, (not dittoed), double spaced with large margins. Please do not use built up fractions in the text of the manuscript. However, you may use them in the displayed equations. Underline Greek letters in red, German in green, and script in blue. The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. Please propose a heading for the odd numbered pages of less than 35 characters. Manuscripts, in triplicate, may be sent to any one of the editors. Please classify according to the scheme of Math. Reviews, Index to Vol. 39. Supply name and address of author to whom proofs should be sent. All other communications should be addressed to the managing editor, or Elaine Barth, University of California, Los Angeles, California, 90024. 50 reprints to each author are provided free for each article, only if page charges have been substantially paid. Additional copies may be obtained at cost in multiples of 50.
The Pacific Journal of Mathematics is issued monthly as of January 1966. Regular subscription rate: $102.00 a year (6 Vols., 12 issues). Special rate: $51.00 a year to individual members of supporting institutions.
Subscriptions, orders for numbers issued in the last three calendar years, and changes of address shoud be sent to Pacific Journal of Mathematics, P.O. Box 969, Carmel Valley, CA 93924, U.S.A.
